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COMPLEX PROJECTIVE STRUCTURES WITH MAXIMAL
NUMBER OF MO¨BIUS TRANSFORMATIONS
GIANLUCA FARACO AND LORENZO RUFFONI
Abstract. We consider complex projective structures on Riemann surfaces
and their groups of projective automorphisms. We show that the structures
achieving the maximal possible number of projective automorphisms allowed
by their genus are precisely the Fuchsian uniformizations of Hurwitz surfaces
by hyperbolic metrics. More generally we show that Galois Bely˘ı curves are
precisely those Riemann surfaces for which the Fuchsian uniformization is the
unique complex projective structure invariant under the full group of biholo-
morphisms.
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1. Introduction
Upgrading a smooth surface S to a Riemann surface X by introducing a complex
structure turns it into a quite rigid object from several points of view: typically
there are lots of nonequivalent choices for the complex structure, and the sets of
compatible functions are much smaller than their smooth counterparts. The proto-
typical phenomenon was discovered by Hurwitz in 1893, who proved in [8] that, if
the genus g of the surface is at least 2, then the group of holomorphic automorph-
isms of X is finite, the cardinality being bounded just in terms of the genus as
#Aut(X) ≤ 84(g−1). Riemann surfaces which attain this bound have been named
Hurwitz surfaces and the finite groups arising as their groups of automorphisms
have been named Hurwitz groups. A lot of research has then been done to study
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geometric and algebraic properties of these objects: see [3], [9] and the references
therein.
It is natural to ask what the picture looks like if we further rigidify the geometry,
for instance by taking a Riemann surface and picking a special coordinate covering
for it (in the sense of [7]), i.e. an open cover for which transition functions are
not just local biholomorphisms, but belong to some more restricted group of trans-
formations of the Riemann sphere CP1. Schlage-Puchta and Weitze-Schmithu¨sen
in [14] consider the case of translation surfaces, i.e. surfaces equipped with an at-
las of charts for which change of coordinates are translations, and their group of
translation automorphisms. They show that a result similar to Hurwitz’s one holds,
with an explicit bound being 4(g − 1); they also characterise translation surfaces
which achieve this bound as being normal origamis, i.e. square-tiled surfaces which
arise as Galois coverings of the standard torus C/Z[i]. They call these structures
Hurwitz translation surfaces, and give an explicit description of the genera in which
they are found and of the groups which arise as their group of translations.
Here we consider the same questions for complex projective structures, i.e. geo-
metric structures defined by an atlas of charts for which transitions are given by
restrictions of global Mo¨bius transformations of the Riemann sphere. Such a struc-
ture in particular induces a complex structure on the underlying surface, and indeed
the interest in this kind of structures comes from classical uniformization theory
(see [7]) as well as from the study of linear ODEs (see [6]). We show that the group
of projective automorphisms of a complex projective structure can be as large as the
group of holomorphic automorphisms of the underlying Riemann surface, and that
the complex projective structures which attain this bound are precisely the ones
arising from Fuchsian uniformizations of Hurwitz surfaces by hyperbolic metrics.
The classical approach to this kind of questions is to consider the quotient of a
structure by its full group of automorphisms; however this does not work for pro-
jective structures, since the quotient might not exist as a projective structure: the
rigidity of this class of structures makes it impossible in general to define genuine
projective coordinates around points which are fixed by some automorphism. Our
approach is to take a relative point of view: given a Riemann surface, we ask which
are the complex projective structures on it for which the full group of holomorphic
automorphisms acts by projective automorphisms; we call such structures relatively
Hurwitz projective structures. Fuchsian uniformizations are always among them,
but generically every structure has this property, just because a generic Riemann
surface has no non-trivial automorphism. We identify the condition under which
the Fuchsian uniformization is the only structure with such a property; our main
result (see Theorem 5.5 below) can be stated as follows.
Theorem. Let X be a Riemann surface of genus g ≥ 2. Then the following are
equivalent:
(1) X has a very large group of automorphisms.
(2) The Fuchsian uniformization of X is the unique relatively Hurwitz project-
ive structure in P(X).
An analogous statement holds in genus g = 1 replacing “Fuchsian” by “Euclidean”.
The first condition in the above statement means that X/Aut(X) has genus zero
and that pi : X → X/Aut(X) branches exactly over 3 points; in particular these
Riemann surfaces are examples of Bely˘ı curves, i.e. algebraic curves which can be
defined over the field of algebraic numbers Q. More precisely they are known as
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Galois Bely˘ı curves (or Wolfart curves) since piX → X/Aut(X) is a Bely˘ı map which
is a Galois covering. These curves have been studied in [16] and [2], and are known
to be exactly those Riemann surfaces which have strictly more automorphisms
than any proper deformations, or equivalently that can be uniformized by normal
subgroups of hyperbolic triangle groups. A straightforward consequence of the
theorem is the aforementioned charaterization of Hurwitz projective structures as
Fuchsian uniformizations of Hurwitz Riemann surfaces (see Corollary 5.5 below).
As in the case of translation surfaces, we have therefore a very neat geometric
description of the structures which attain the bound. Moreover in both cases these
structures turn out to be integral points of their moduli spaces: normal origamis
are among square-tiled surfaces, which are integral points in period coordinates
(see [17]), and Fuchsian uniformizations are among Fuchsian projective structure,
which are integral points in Thurston’s coordinates (see [4]).
The paper is organised as follows: Section 2 contains the basics about complex
projective structures and their automorphisms, and the definition of (relatively)
Hurwitz projective structure; in Section 3 we describe the picture for genus 1 and
for translation surfaces. In Section 4 we gather the technical lemmas about the
Schwarzian parametrization of projective structures which are used in Section 5 to
prove the main result; in particular a criterion is obtained for a biholomorphism
f ∈ Aut(X) to act projectively on a given projective structure in terms of an affine
action of Aut(X) on the space of holomorphic quadratic differentials H0(X,K2).
Acknowledgements: we would like to thank Stefano Francaviglia for his encour-
agement in developing this project, and Pascal Hubert for pointing us to useful
references. The second author acknowledges partial support by INDAM.
2. Complex projective structures and their automorphisms
In this section we give the main definitions and preliminaries on complex projective
structures that we will use in the sequel.
2.1. Basic definitions. Let S be a closed, connected and orientable surface, let
CP1 = C∪{∞} be the Riemann sphere and let PSL2C be its group of holomorphic
automorphisms acting by Mo¨bius transformations
PSL2C× CP
1 → CP1,
(
a b
c d
)
, z 7→
az + b
cz + d
Definition 2.1. A complex projective structure σ on S is a maximal atlas of
charts taking values in CP1 and such that transition functions are restrictions of
elements in PSL2C.
In the following we will also refer to such structures simply as projective structures.
Given a projective structure σ, performing analytic continuation of local charts of σ
along paths in S gives rise to an immersion dev : S˜ → CP1, usually called a devel-
oping map for σ, well-defined up to post-composition by a Mo¨bius transformation.
We refer to [4] for a detailed survey about complex projective structures.
Remark 2.2. Since Mo¨bius transformations are in particular holomorphic maps, a
projective structure on S always determines an underlying Riemann surface struc-
ture on S. Conversely, by the classical uniformization theory, any Riemann surface
4 GIANLUCA FARACO AND LORENZO RUFFONI
X is of the form U/Γ where U is an open subset of CP1 and Γ is a discrete sub-
group of PSL2C acting freely and properly discontinuously on U ; this endows X
with a complex projective structure, namely the one coming from the identification
X ∼= U/Γ. When g = 0 there is only one possible choice U = CP1 and Γ = 1. If
g = 1 then U can be chosen to be the complex plane C and Γ to be a discrete free
abelian group of rank 2 acting by translations. When g ≥ 2 it is possible to choose
U to be the upper-half plane H = {z ∈ C | Im(z) > 0} and Γ to be a Fuchsian
group, i.e. a discrete subgroup of PSL2R. Notice in particular that for a project-
ive structure of this type any developing map is a diffeomorphism dev : S˜ → U ,
and that it endows X with a canonical Riemannian metric of constant sectional
curvature k = sign(χ(X)) ∈ {1, 0,−1}.
Definition 2.3. Let X be a Riemann surface of genus g. If Γ ⊂ PSL2C is dis-
crete, U ⊂ CP1 is an open connected domain on which Γ acts freely and properly
discontinuously with quotient U/Γ diffeomorphic to S, then we say that the pro-
jective structure σ = U/Γ is a uniformization of X . In particular if g = 1 then we
call the Euclidean uniformization of X the complex projective structure coming
from the flat Riemannian metric as in Remark 2.2, and if g ≥ 2 then we call the
Fuchsian uniformization of X the complex projective structure coming from the
hyperbolic Riemannian metric as in Remark 2.2.
Remark 2.4. Among all possible ways of realising a Riemann surfaceX as a quotient
U/Γ as in Remark 2.2, Euclidean and Fuchsian uniformizations are special in that
U is simply connected and Γ is isomorphic to the fundamental group pi1(X); other
uniformizations arise for instance from Schottky uniformization, where U is the
complement of a Cantor set and Γ is a (non-abelian) free group. On the other hand,
not every complex projective structure is of the form U/Γ: for instance Maskit has
produced many examples of projective structures with surjective and non injective
developing maps, via a geometric construction known as grafting, which consists in
replacing a simple closed curve by an annulus (see [11]).
Now we turn our attention to the study of maps between projective structures.
Definition 2.5. Let σ1, σ2 be projective structures on S and let f : σ1 → σ2 be a
diffeomorphism. We say that f is projective if its restrictions to local projective
charts are given by elements in PSL2C. We say that σ1 and σ2 are isomorphic
structures if there exists a projective diffeomorphism between them.
Definition 2.6. Let σ be a projective structure. We define the group of project-
ive automorphisms of σ to be Mo¨b(σ) = {f ∈ Diff(S) | f is projective for σ}.
Example 2.7. Up to isomorphism there is a unique complex projective structure
σ on a surface of genus 0, given by its realisation as CP1. Of course we have
Mo¨b(σ) = PSL2C.
The following straightforward observations will be useful in the following.
Lemma 2.8. Let σ be a projective structure on S and dev : S˜ → CP1 be a devel-
oping map for σ. A diffeomorphism f ∈ Diff(S) is projective if and only if there
exists g ∈ PSL2C such that dev ◦ f˜ = g ◦ dev, for some lift f˜ of f to S˜.
Recall from Remark 2.2 that any projective structure on S induces an underlying
Riemann surface structure on it. Let us denote by Aut(X) the group of holomorphic
automorphisms of a Riemann surface X . The following is immediate.
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Lemma 2.9. Let σ be a projective structure on S and let f ∈ Mo¨b(σ). If X is the
underlying Riemann surface, then f ∈ Aut(X).
2.2. Hurwitz projective structures. From now on, unless otherwise specified
(i.e. in 3.1 below), we will assume that the surface S has genus g ≥ 2. Let σ
be a projective structure on S and let X be the underlying Riemann surface. By
the classical Hurwitz Theorem the group Aut(X) of holomorphic automorphism
of X is a finite group; more precisely a sharp bound on its cardinality is given
by #Aut(X) ≤ 84(g − 1) (see for instance [5, p. V.1.3]). A Hurwitz surface is
classically defined to be a Riemann surface of genus g whose automorphism group
attains this bound. By the above 2.9 the same bound holds for the group of pro-
jective automorphisms Mo¨b(σ) of σ, and one can ask if it can be sharpened or not.
A straightforward approach to find projective structures with a large number of
projective automorphisms is to pick a Hurwitz Riemann surface X and look for
projective structures on it with the property that holomorphic automorphisms are
also projective. This property might be hard to check in general, but the collec-
tion of uniformizations (see 2.3) of X provides a playground where we can perform
concrete computations, by trying to lift automorphisms of X to automorphisms of
a uniformizing planar domain U ⊂ CP1 and then checking if the lift is projective
by means of complex-analytical tools.
Lemma 2.10. Let X be a Riemann surface and σ = U/Γ a uniformization of X.
Suppose that every f ∈ Aut(X) lifts to a biholomorphism f˜ ∈ Aut(U) and suppose
that f˜ is the restriction of a Mo¨bius transformation. Then Mo¨b(σ) = Aut(X).
Proof. By classical covering space theory, lifts of automorphisms of X are exactly
given by automorphisms of U which normalise Γ (both in the holomorphic and in
the projective setting); in other words the normalizerNAut(U)(Γ) of Γ in Aut(U) acts
by biholomorphisms on X , the normalizer NMo¨b(U)(Γ) of Γ in Mo¨b(U) acts by pro-
jective diffeomorphisms on σ and both actions factor exactly through the standard
action of Γ by deck transformations of the covering U → U/Γ; so we get injective
mapsNAut(U)(Γ)/Γ→ Aut(X) andNMo¨b(U)(Γ)/Γ→ Mo¨b(σ). The hypothesis imply
that NAut(U)(Γ)/Γ→ Aut(X) is surjective and that NAut(U)(Γ)/Γ = NMo¨b(U)(Γ)/Γ.
In particular we obtain an injective map Aut(X)→ Mo¨b(σ). Since by 2.9 we always
have Mo¨b(σ) ⊆ Aut(X) and both groups are finite, we get the result. 
We can use the previous lemma to obtain that in general the Hurwitz bound can
not be improved.
Lemma 2.11. Let X be a Hurwitz surface and σ its Fuchsian uniformization.
Then Mo¨b(σ) = Aut(X); in particular #Mo¨b(σ) = 84(g − 1).
Proof. By definition of Fuchsian uniformization, σ is of the form H/Γ, where H
is the upper-half plane and Γ ⊂ PSL2R is a Fuchsian group. In particular H is
simply connected and it is well-known that its biholomorphisms are exactly given
by Mo¨bius transformations with real coefficients, i.e. Aut(H) = Mo¨b(H) = PSL2R;
therefore we can just apply 2.10. 
We give therefore the following definition, by analogy with the classical case.
Definition 2.12. Let σ be a projective structure on S. We say that σ is aHurwitz
projective structure if #Mo¨b(σ) = 84(g − 1).
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Lemma 2.11 can then be restated by saying that Fuchsian uniformizations of Hur-
witz surfaces are Hurwitz projective structures. It is natural to ask if the converse
holds, i.e. if projective structures with a maximal number of projective automorph-
isms are necessarily given by hyperbolic metrics on Hurwitz surfaces. The answer
turns out to be positive, and we will recover this result as consequence of a more
general statement below (see 5.5).
Remark 2.13. The properties of Fuchsian uniformizations which we have used in
the proof of 2.11 to apply 2.10 are the following: the domain U is simply connected
and Aut(U) = Mo¨b(U). By [12] such properties are known to characterise Fuchsian
uniformization, namely the only connected and simply connected open domain
U ( C such that Aut(U) = Mo¨b(U) is the unit disk (up to Mo¨bius transformations).
The same kind of arguments might fail for other uniformizations. For instance if U is
an open quadrant then it is simply connected, but not every biholomorphism is the
restriction of a Mo¨bius transformation. On the other hand if U is a Schottky domain
then it is not simply connected, but every biholomorphism is indeed projective (by
[1, IV.2D,IV.19F]).
Remark 2.14. A straightforward consequence of 2.11 is that one can not expect to
obtain an upper bound on the cardinality of the group of projective automorphisms
which is stricter than the one provided by Hurwitz theorem; this is in contrast with
the case of translation surfaces discussed in [14], where it is shown that a translation
surface of genus g ≥ 2 has at most 4(g − 1) translations. See 3.2 below for more
comparisons with these structures.
Remark 2.15. (How not to approach the problem) The study of surfaces with a max-
imal number of automorphisms is usually done by taking the quotient of the surface
by the full group of automorphisms and studying the geometry and combinatorics
of the resulting quotient map. This strategy works both in the classical setting of
Riemann surfaces and in that of translation surfaces, because the quotient carries
a canonical structure of the same type. On the other hand this fails in our setting,
since a general projective automorphism can have a fixed point and it is in general
not possible to define a genuine projective chart around its image in the quotient:
this is due the fact that changes of coordinates for a projective atlas need to be
global automorphisms of the Riemann sphere, which is a quite rigid requirement.
The analogous problem for Riemann surfaces can be solved either analytically or
algebraically by uniformizing the natural orbifold charts; for translation surfaces
the key observation is that fixed points of a translation automorphism can appear
only at cone points of the structure, so that the effect of taking the quotient is
absorbed in the reduction of the total amount of curvature. For a more convincing
explanation of why this approach fails in the projective case see 4.6 below.
2.3. Relatively Hurwitz projective structures. Our approach to the problem
will be to consider it in a relative way: any projective structure has an underlying
complex one, and by 2.9 any projective automorphism is in particular holomorphic
for it; a natural question is to ask when every holomorphic automorphism is indeed
projective, which motivates the following definition.
Definition 2.16. Let σ be a projective structure on S and X the underlying
Riemann surface. We say that σ is a relatively Hurwitz projective structure
if Mo¨b(σ) = Aut(X).
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Example 2.17. A generic Riemann surface X has no non-trivial automorphisms,
therefore any projective structure on X is a relatively Hurwitz projective structure.
Example 2.18. On the other end of the spectrum, let X be a Hurwitz surface. By
2.11 the Fuchsian uniformization σ of X is a relatively Hurwitz projective struc-
ture: any holomorphic automorphism is indeed an isometry for the uniformizing
hyperbolic metric, and those are all projective; as promised, we will prove that σ
is the only relatively Hurwitz projective structure on X below in 5.5.
More generally, we can apply 2.10 as in 2.11 to obtain the following.
Lemma 2.19. Let X be any Riemann surface and σ its Fuchsian uniformization.
Then Mo¨b(σ) = Aut(X); in particular σ is a relatively Hurwitz projective structure.
Example 2.20. Non-trivial examples of relatively and non-relatively Hurwitz pro-
jective structures will be given below 4.11 on hyperelliptic Riemann surfaces of
genus g ≥ 3 whose automorphism group is generated by the hyperelliptic involu-
tion.
The following question turns out to hide rich geometric phenomena: when is it true
that the Fuchsian uniformization of X is the unique relatively Hurwitz projective
structure? As a warm-up, we will first consider the analogous problem in other
settings, namely translation surfaces and elliptic curves, before coming back to this
one.
3. An affine detour
In this section we cite some results available in the literature in order to describe
the geometric features enjoyed by geometric structures with maximal group of auto-
morphisms in the setting of affine geometry.
3.1. Complex affine structures on tori. In this section (and only in this section)
we consider the situation in which S has genus g = 1. In this case complex projective
structures are actually complex affine structures (see [7]), i.e. the local charts take
values in a fixed affine patch C ⊂ CP1 and the changes of coordinates are restrictions
of elements of the group of complex affine transformations
Aff1(C) = {z 7→ az + b | a ∈ C
∗, b ∈ C}
These geometric structures are conveniently described as affine deformations of
the Euclidean uniformizations (see [7] or [10] for more details). More precisely let
τ ∈ H+/SL2Z = {Im(z) > 0}/SL2Z, Λτ = spanZ{1, τ} and Xτ = C/Λτ . The
complex affine structures on Xτ are parametrised by c ∈ C: for c = 0 we have
the (unique) flat metric of area 1 in the conformal class of Xτ , i.e. the Euclidean
uniformization σE of Xτ (see 2.2); for c ∈ C
∗ we get a non-Riemannian affine
structure σc on Xτ defined by a developing map devc : C→ C, z 7→ e
cz.
The group of automorphisms Aut(Xτ ) of the torus Xτ always contains the torus
itself as a subgroup of translations {Tp(z) = z + p | p ∈ Xτ}, and can be presented
as a semidirect product Aut(Xτ ) = Xτ⋊Aut
0(Xτ ), where Aut
0(Xτ ) is a finite group
which generically consists only of the hyperelliptic involution J(z) = −z, but can
also contain a complex multiplication Rτ (z) = τz, when τ = e
i 2pi
3 or τ = ei
pi
2 .
A straightforward computation shows that the translation part always acts by com-
plex affine transformations: this is clear for the Euclidean uniformization, and
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for the other structures we just observe that a translation acts as devc(Tp(z)) =
devc(z + p) = e
c(z+p) = ecpdevc(z), i.e. as a complex dilation, and use 2.8.
Definition 3.1. Let X be a Riemann surface of genus 1. We denote by A(X) the
space of complex affine structures on X . If σ ∈ A(X), then we denote by Aff1(σ)
the group of affine automorphisms, i.e. the ones that are given by elements in
Aff1(C) in local affine charts for σ, and by Aff
0
1(σ) the reduced group obtained by
quotienting out the translations, so that Aff1(σ) = Xτ ⋊ Aff
0
1(σ).
Notice that in general we only have Aff01(σ) ⊆ Aut
0(X). In particular Aff01(σ) has at
most order 6, which is the bound for the cardinality of the reduced automorphism
group Aut0(X) of a Riemann surface of genus 1.
Example 3.2. A direct computation shows that actually each automorphism
of X is a complex affine transformation (indeed a Euclidean isometry) with re-
spect to its Euclidean uniformization σE , i.e. Aut(X) = Aff1(σE). In particular
Aff
0
1(σE) = Aut
0(X); therefore the Euclidean uniformization of the complex torus
X
e
i
2pi
3
achieves the maximum possible cardinality.
We are naturally led to give the following definitions.
Definition 3.3. Let X be a Riemann surface of genus 1 and σ ∈ A(X); we say σ is
a Hurwitz affine structure if #Aff01(σ) = 6, and that it is a relatively Hurwitz
affine structure if Aff01(σ) = Aut
0(X).
We then have the following.
Proposition 3.4. The unique Hurwitz affine structure is the Euclidean uniform-
ization of X
e
i
2pi
3
. More generally for any Riemann surface X of genus 1 the unique
relatively Hurwitz affine structure in A(X) is its Euclidean uniformization.
Proof. The first statement follows directly from the above discussion and the fact
that X
e
i
2pi
3
is the only Riemann surface with Aut0(X
e
i
2pi
3
) = 6. For the second
statement fix X , let J ∈ Aut(X) be the hyperelliptic involution and assume σ is not
the Euclidean uniformization. Then we just compute that J acts as devc(J(z)) =
devc(−z) = e
−cz = 1
devc(z)
, i.e. as an inversion, which is not affine. 
Looking at affine structures from the point of view of projective structures, we see
that the Euclidean uniformization of X
e
i
2pi
3
is a Hurwitz projective structure, again
by 3.2. The same ideas of the above proposition also prove the following.
Proposition 3.5. Let Xτ be a Riemann surface of genus 1. Then the following
are equivalent
(1) τ = ei
2pi
3 or τ = ei
pi
2
(2) the Euclidean uniformization of Xτ is the unique relatively Hurwitz project-
ive structure in A(Xτ ).
Proof. From the previous proof of 3.4 we know that the hyperelliptic involution does
not act affinely, but at least it always acts projectively. But if we consider surfaces
which admit complex multiplication, we see that Rτ ∈ Aut(Xτ ) acts on a structure
which is not the Euclidean one as devc(Rτ (z)) = devc(τz) = e
τcz = devc(z)
τ , i.e.
not projectively. 
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We see therefore that requiring the Euclidean uniformization to be the unique rel-
atively Hurwitz projective structure picks out special points in the moduli space of
genus 1 Riemann surfaces, namely those having extra automorphisms, or equival-
ently, those corresponding to regular lattices. In the following sections we are going
to extend this result to higher genus surfaces, replacing Euclidean uniformization
by Fuchsian uniformization.
3.2. Translation surfaces. We now turn to consider translations surfaces. These
can be defined either as couples (X,ω) where X is a Riemann surface and ω ∈
H0(X,K), ω 6= 0, or as complex projective structures with change of coordinates
given by translations and with branch points (corresponding to the zeroes of ω);
see [17] for more details.
The problem of counting translation automorphisms of a translation surface, and of
describing the geometric features of structures maximizing this number, has been
considered in [14], where the following definition is introduced.
Definition 3.6. Let (X,ω) be a translation surface. Denote by Trans(X,ω) the
group of automorphisms of X which are given by translations in local charts for
the translation structure.
Then the following result is obtained in [14].
Theorem 3.7 (Schlage-Puchta, Weitze-Schmithu¨sen [14]). Let (X,ω) be a trans-
lation surface. Then #Trans(X,ω) ≤ 4(g − 1). Moreover #Trans(X,ω) = 4(g − 1)
(i.e. (X,ω) is a Hurwitz translation surface) if and only if (X,ω) is a normal
origami.
Recall that origamis (also known as square-tiled surfaces) are a very special type
of translation surfaces; they can be defined as those (X,ω) arising as a covering of
the standard torus branched exactly at one point, and the normal ones are those
for which this covering is normal.
For the sake of completeness, we now discuss what would happen in the context of
translation surfaces when taking a relative point of view analogous to the one we
are adopting in this work.
Definition 3.8. A translation surface (X,ω) is a relatively Hurwitz translation
surface if Aut(X) = Trans(X,ω).
If looking for Hurwitz objects has led to the consideration of Fuchsian/Euclidean
uniformizations in the previous setting (see 2.11 and 3.2), looking at Hurwitz trans-
lation surfaces suggests to look for the property of being a normal origami. One
could ask, as before, if there is an interesting relation between this geometric fea-
ture and the relative Hurwitz condition. The main difference with respect to the
previous setting is that, by the above bound in 3.7, relatively Hurwitz translation
structures simply do not exist on Riemann surfaces which have many automorph-
isms. On the other hand, if #Aut(X) = 4(g − 1), then it is straightforward to see
that relatively Hurwitz translation surfaces are precisely the normal origamis, just
by checking cardinalities and applying 3.7.
Remark 3.9. It is a priori not clear whether given X with #Aut(X) = 4(g− 1) one
can actually construct a normal origami (X,ω) on it. When this is the case, (X,ω)
is a relatively Hurwitz translation surface. Equivalently, ω is a non-zero fixed point
for the natural linear action of Aut(X) on H0(X,K): this follows from the fact that
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translation automorphisms are exactly those which preserve the abelian differential
ω. By [5, Corollary V.2.2] the invariant differentials form a subspace of dimension
equal to the genus of the quotient X/Aut(X), which can be either 0 or 1 because of
the hypothesis on the size of the automorphism group. Assuming the existence of
a normal origami (X,ω), we have X/Aut(X) = X/Trans(X,ω), which is necessarily
a torus. In other words if a normal origami exists over X , then there is precisely
a 1-dimensional family of them. A necessary condition for this to happen for a
surface of genus g was identified by group-theoretic techniques in [14], namely g−1
must be divisible by 2 or 3.
4. Action of biholomorphisms on projective structures
In this section we review the classical Schwarzian parametrization for complex pro-
jective structures with a fixed underlying complex structure (in the sense of 2.2),
in order to fix terminology and notation.
Definition 4.1. Let X be a Riemann surface. We denote by P(X) the set of
projective structures whose underlying complex structure is X .
We will prove a criterion for a biholomorphism to be projective for a given projective
structure in terms of its action on the space of holomorphic quadratic differentials.
4.1. Schwarzian parametrization. The classical parametrization of P(X) by
holomorphic quadratic differentials (see [4], [7]) is achieved by means of the following
differential operator.
Definition 4.2. Let Ω ⊂ C be an open domain and f : Ω → C be a holomorphic
and locally injective function. The Schwarzian derivative of f is defined to be
S(f) =
(
f ′′
f ′
)
′
−
1
2
(
f ′′
f ′
)2
The basic and well-known properties of this operator are the following.
Lemma 4.3. Let Ω ⊂ C be open and f, g : Ω → C be holomorphic functions such
that g(Ω) ⊂ Ω. Then S(f ◦ g) = (S(f) ◦ g) · g′2 + S(g).
Lemma 4.4. Let Ω ⊂ C be open and f : Ω → C be holomorphic function. Then
S(f) = 0 if and only if f is the restriction of a Mo¨bius transformation.
A direct consequence is that given a projective structure σ0 over a Riemann surface
X , the Schwarzian derivative of a holomorphic map f : X˜ → CP1 is well-defined
as a holomorphic quadratic differential Sσ0(f) on X . In particular we can give the
following definition.
Definition 4.5. Let σ0 and σ be projective structures on X . The Schwarzian
derivative of σ with respect to σ0 is the holomorphic quadratic differential on X
given by Sσ0(σ) = Sσ0(dev), where dev : X˜ → CP
1 is a developing map for σ.
It is a classical result (see [7]) that, for any fixed σ0 ∈ P(X) the map
P(X)→ H0(X,K2), σ 7→ Sσ0 (σ)
is a bijection with the vector space of holomorphic quadratic differentials on X ,
whose dimension is 3g− 3 by Riemann-Roch. Of course the zero differential corres-
ponds to the chosen projective structure σ0; thus the set P(X) is naturally endowed
with the structure of complex affine space.
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Remark 4.6. From this point of view it is easier to make the observations contained
in 2.15 clearer. Indeed fix some background σ0 ∈ P(X) and pick σ ∈ P(X); if
it were possible to consider the quotient pi : σ → σ/Mo¨b(σ) in the category of
projective structures, then in particular pi should send the holomorphic quadratic
differential q = Sσ0(σ) on X to a holomorphic quadratic differential on the Riemann
surface X/Mo¨b(σ) corresponding to σ/Mo¨b(σ). For this to happen we need pi to
branch in a controlled way with respect to the zero divisor of q: if x ∈ X is a point
at which the stabilizer of the action of Mo¨b(σ) has order m ≥ 1 and at which q
has a zero of order s ≥ 0, then the induced (meromorphic) quadratic differential on
X/Mo¨b(σ) will have order s−2(m−1)
m
, so that it is holomorphic when s ≥ 2(m− 1),
but has a genuine pole otherwise. For a concrete example consider the case in which
Mo¨b(σ) is large enough to guarantee that X/Mo¨b(σ) has genus 0 (e.g. the Fuchsian
uniformization for a Hurwitz surface or for a hyperelliptic one): in this case the
quotient admits no holomorphic quadratic differential whatsoever.
4.2. Criterion for projectiveness. We are now going to consider the action of
the biholomorphism group Aut(X) of X on the space P(X) of projective structures
on X . If σ ∈ P(X) is defined by a developing map dev : X˜ → CP1 and F ∈ Aut(X),
then F.σ is defined to be the projective structure with dev ◦ F˜−1 : X˜ → CP1 as a
developing map for some lift of F to the universal cover. Since F is holomorphic
on X , we have that F.σ is again inside P(X).
Now let us fix a projective structure σ0 ∈ P(X). By the above discussion we get
an identification P(X) ∼= H0(X,K2) and we can look at the induced action on
the space of holomorphic differentials, which we denote by (F, q) 7→ F.q. Let us
denote by F ∗q = q ◦F−1 the usual action of the automorphism group on the space
of differentials by pullback. Then a direct computation using the properties of the
Schwarzian derivative in 4.3 and 4.4 shows the following.
Lemma 4.7. Let F ∈ Aut(X). If q = Sσ0 (σ) for some σ ∈ P(X) then F.q =
F ∗q + Sσ0 (F˜
−1).
Proof. By definition Sσ0(σ) = Sσ0 (dev) for some developing map and Sσ0(F.σ) =
Sσ0(dev ◦ F˜
−1) . 
In other words Aut(X) acts affinely on H0(X,K2), with linear part given by the
classical action by pullback and the translation part accounts for the initial choice
of the projective structure σ0. This action can be used to obtain the following
criterion.
Proposition 4.8. Let F ∈ Aut(X), σ ∈ P(X) and q = Sσ0(σ). Then F ∈ Mo¨b(σ)
if and only if F.q = q.
Proof. Let dev be a developing map for σ; then q = Sσ0(dev). If F ∈ Mo¨b(σ)
then by 2.8 we have dev ◦ F˜−1 = g ◦ dev for some g ∈ PSL2C. Therefore F.q =
Sσ0(dev ◦ F˜
−1) = Sσ0(g ◦ dev) = Sσ0(dev) = q by 4.4. On the other hand if
Sσ0(dev ◦ F˜
−1) = F.q = q = Sσ0 (dev) then dev ◦ F˜
−1 = g ◦dev for some g ∈ PSL2C
by 4.4, which implies that F ∈ Mo¨b(σ) again by 2.8. 
It is natural to ask if this affine action can be reduced to a linear action under a
suitable choice of the initial projective structure σ0. This happens for instance for
the Fuchsian uniformization of X , as already observed in 2.19.
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Corollary 4.9. Let σ0 be the Fuchsian uniformization of X, F ∈ Aut(X) and
q ∈ H0(X,K2). Then F.q = F ∗q.
Proof. Since σ0 is the Fuchsian uniformization we have that F ∈ Mo¨b(σ) by 2.19.
Therefore Sσ0(F˜
−1) = 0 by 4.4. 
On the other hand, as shown by the following corollary, there are plenty of couples
(σ, F ) where σ is a projective structure on X and F is a holomorphic automorphism
of X which is not projective for σ.
Corollary 4.10. Let F ∈ Aut(X), F 6= idX . If X has genus 2, then also assume
F is not the hyperelliptic involution. Let σ0 ∈ P(X) such that F ∈ Mo¨b(σ0). Then
there exists σ ∈ P(X) such that F 6∈ Mo¨b(σ).
Proof. Since F ∈ Mo¨b(σ0), we have that Sσ0(F ) = 0. In particular the action
of F on H0(X,K2) is the linear action by pullback by 4.7. The linear action of
Aut(X) by pullback on H0(X,K2) is known to be faithful by [5, p. V.2] if and only
if F is not the hyperelliptic involution of a genus 2 surface. Therefore under our
hypothesis there exists q ∈ H0(X,K2) such that F.q = F ∗q 6= q. By 4.8 we have
that F is not projective for the projective structure σ defined by Sσ0 (σ) = q. 
For instance recall that by picking the Fuchsian uniformization we can satisfy the
hypothesis of this statement for any F ∈ Aut(X), by 2.19. We are now ready to
discuss the following example.
Example 4.11. Let X be a hyperelliptic Riemann surface, and let J be the hy-
perelliptic involution. By 4.8 and 4.9, the projective structures for which J is a
projective diffeomorphism are exactly those that correspond to J-invariant holo-
morphic quadratic differentials with respect to the Fuchsian uniformization of X .
Notice that when g = 2 every differential is J-invariant, but for g ≥ 3 the space of
J-invariant differentials is a proper subspace of H0(X,K2), so we get a lot of non-
trivial examples of non-relatively Hurwitz projective structures. On the other hand
by choosing X so that Aut(X) = {idX , J} we can obtain non-trivial examples of
relatively Hurwitz projective structures, namely those corresponding to J-invariant
differentials with respecto to the Fuchsian uniformization; surfaces of this type exist
in any genus and were constructed explicitly in [13].
5. Fuchsian uniformizations and Galois Bely˘ı curves
In the previous sections we have seen that Fuchsian uniformizations are examples of
relatively Hurwitz projective structures (2.19); on the other hand we have provided
lots of examples of relatively Hurwitz projective structures which are not related
to Fuchsian uniformization (see 2.17 and 4.11). Moreover by 4.8 relatively Hurwitz
projective structures can be seen as fixed points of an affine action of a finite
group, so that either there is a unique one, or there is a positive dimensional locus
of them. In this section we look for conditions on the underlying Riemann surface
under which the Fuchsian uniformization is the unique relatively Hurwitz projective
structure on it. As it turns out, such a condition can be conveniently expressed in
terms of the size of the automorphism group.
Definition 5.1. We say that a Riemann surface X has a very large group
of automorphisms if X/Aut(X) is biholomorphic to CP1 and the quotient map
pi : X → X/Aut(X) is ramified exactly on three points.
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The name is motivated by the fact that, when the quotient has genus at least one,
X can have at most 4(g − 1) automorphisms, and that only CP1 can map to CP1
via a covering branching on less than three points. The above condition has several
classical equivalents, which we list here for the reader’s convenience. Recall that a
hyperbolic triangle group is a group of isometries of the hyperbolic plane H2 which
is generated by reflections in the sides of a triangle with rational angles.
Theorem 5.2 (Wolfart [16]). Let X be a Riemann surface. Then the following are
equivalent:
(1) X has a very large group of automorphisms.
(2) X ∼= H2/Γ, where Γ is a cocompact torsion-free Fuchsian group whose
normalizer in PSL2R is a hyperbolic triangle group ∆.
(3) X is an isolated local maximum for the function Y 7→ #Aut(Y ).
Remark 5.3. A holomorphic map X → CP1 with three critical values is classically
known as a Bely˘ı map; Riemann surfaces admitting such a map are called Bely˘ı
curves, and are known to be exactly those surfaces which can be defined over
Q as algebraic curves. Surfaces with a very large group of automorphisms are
also known in the literature as Galois Bely˘ı curves (or Wolfart curves) because
X → X/Aut(X) is a Bely˘ı map which is also a Galois covering. We refer to [16]
and [2] for more details about the theory of Galois Bely˘ı curves.
The following result allows us to add an item to the previous list in 5.2.
Theorem 5.4. Let X be a Riemann surface. Then the following are equivalent:
(1) X has a very large group of automorphisms.
(2) The Fuchsian uniformization of X is the unique relatively Hurwitz project-
ive structure in P(X).
Proof. Let us consider the Schwarzian parametrization of P(X) with respect to the
Fuchsian uniformization σ, so that the action of Aut(X) is linear on H0(X,K2)
and the zero differential corresponds to σ. By 4.8 and 4.9 a projective structure in
P(X) is relatively Hurwitz if and only if the corresponding holomorphic quadratic
differential is invariant by this action of Aut(X). Invariant holomorphic quadratic
differentials constitute a linear subspace of H0(X,K2), whose dimension can be
computed according to the following formula (see [5, p. V.2.2])
dim
(
H0(X,K2)Aut(X)
)
= 3g0 − 3 + n
where g0 is the genus of X/Aut(X) and n is the number of critical values of the
quotient map X → X/Aut(X). Therefore we see that the zero differential is the
unique invariant differential exactly when X/Aut(X) has genus 0 and the quotient
map is ramified exactly over three points (since we always assume the genus of X
to be at least 2, the case g0 = 1, n = 0 is not allowed). 
Corollary 5.5. Let S be a surface and σ be a projective structure on it. Then σ
is a Hurwitz projective structure if and only if σ is the Fuchsian uniformization for
a Hurwitz Riemann surface structure X on S.
Proof. Fuchsian uniformizations of Hurwitz Riemann surfaces are Hurwitz project-
ive by 2.11. Conversely let σ be a Hurwitz projective structure; in particular the
underlying Riemann surface X is a Hurwitz Riemann surface and σ is a relatively
Hurwitz projective structure on it. But Hurwitz Riemann surfaces have of course a
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very large group of automorphisms, therefore 5.4 applies and implies that σ must
be the Fuchsian uniformization of X . 
After establishing such a result, it is natural to ask how often one encounters one of
the structures covered by 5.4 and if something special can be said about its group
of projective automorphisms (as done in [14] for the case of translation surfaces).
In the next two remarks we collect well-known answers to this kind of questions for
the convenience of the reader.
Remark 5.6 (Genus distribution). Of course Hurwitz surfaces and their Fuchsian
uniformizations are covered by the above theorem, but they are well-known to be
quite rare; for instance the “smallest ones” are given by the Klein quartic in genus
3 and the Macbeath surface in genus 7. Less sporadic examples of surfaces with a
very large group of automorphisms are given by the Fermat curves Fn = {x
n+yn =
zn} ⊂ CP2, which have genus g = g(Fn) =
(n−1)(n−2)
2 . To obtain examples covered
by the above theorem in any genus g ≥ 2 we can consider the hyperelliptic curve
defined by the equation
y2 + xm = 1
in C2 for varying values ofm ∈ N; in particular form = 2g+2 we obtain a Riemann
surface Xm of genus g. The surface Xm has a natural map to the Riemann sphere
pi : Xm → CP
1, (x, y) 7→ xm
which has degree 2m and is ramified exactly over 0, 1 and ∞, with 2 branch points
over 0 and∞ andm branch points over 1 (these curves have already been considered
in [15, Example 2.1.4]). We can directly check that the hyperelliptic involution
(x, y) 7→ (x,−y) and the map (x, y) 7→ (λx, y) for λ some primitive m-root of 1
generate a group of holomorphic automorphisms of this covering which is transitive
on fibres; thus the Bely˘ı map pi is also a Galois covering. If this shows that Galois
Bely˘ı curves exist in every genus, on the other hand only finitely many of them
exist for any fixed genus (see [2, Remark 3.10]).
Remark 5.7 (Group presentation). Once again, Hurwitz groups (i.e. groups arising
as the group of automorphisms of a Hurwitz Riemann surface) are well-known to
be quotients of the (2, 3, 7)-triangle group, i.e. to admit a presentation of the form
〈x, y | x2, y3, (xy)7, R〉
for some extra relation R (see [3]). More generally, as said above in 5.2, groups
arising as the group of automorphisms of a Riemann surface with a very large group
of automorphisms are quotients of some (a, b, c)-hyperbolic triangle group, i.e. they
have a presentation of the form
〈x, y | xa, yb, (xy)c, R〉
for some a, b, c ∈ N such that
1
a
+
1
b
+
1
c
< 1 and for some extra relation R. Of
course (a, b, c) = (2, 3, 7) is the smallest possible choice of numbers satisfying this
inequality.
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